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Abstract 

We determine higher topological Hochschild homology of rings of integers in number fields with 
coefficients in suitable residue fields. We use the iterative description of higher THH for this and Post- 
nikov arguments that allow us reduce the necessary computations to calculations in homological algebra, 
starting from the results of Bokstedt and Lindenstrauss-Madsen on (ordinary) topological Hochschild 
homology. 

1 Introduction 

Topological Hochschild homology, THH, of rings of integers in number fields is well-understood: Bokstedt 
|B5oo| calculated THH of the integers and in |LM00| the general case is covered. The aim of this paper is 
the calculation of higher order topological Hochschild homology of rings of integers in number fields with 
coefficients in a suitable residue field. Topological Hochschild homology of a (simplicial) ring or ring spectrum 
R with coefficients in a (simplicial) module (spectrum) N is obtained as a simplicial object where one uses a 
simplicial model of the 1-sphere, , and glues N to the basepoint of and R to all other simplices in . 
Topological Hochschild homology of order n oi R with coefficients in N, THH^^^ (i?, N) is the analogue of 
this where we use 5" = (S”^)^” as a simplicial model of the n-sphere and glue again N to the basepoint and 
R to all other simplices of S'”. For a definition using the topological space see |MSV97] : for an approach 
preserving the epicyclic structure, see e.g., |B(1D10| or |V55| . 

There are natural stabilization maps Tr^{THH^'^\R, N)) tt* +i(mHl”+^](i?,lV)) whose colimit gives 
the topological Andre-Quillen homology of R with coefficients in N as defined in |Ba99| . 

If TV = i?, then we will abbreviate THH'^'^\r, R) with THH'^'^\R). As usual we abuse notation and write 
THH''^^ (A) or THH^’^^ {A, M) for THH^'^^ (HA) or THH^'^^ {HA, HM), respectively, if A is a commutative dis¬ 
crete or simplicial ring, M a discrete or simplicial A-module and H denots the Eilenberg-Mac Lane spectrum 
functor. We will phrase our results in terms of iterated Tor groups: 

Definition 1.1 Let fc be a field. Let B].{x) be the polynomial algebra Pk{x) on a generator x in degree 2m. 
Inductively, we define the fc-algebra B^{x) = Torf*" ^^\k, k). 

By Cartan |C54) . B^{x) is the exterior algebra Ak{(Jx) on a generator ax in degree 2m -I- 1; after that, we 
get a divided power algebra on a generator of degree 2m -I- 2, and after that, the formulas become more 
complicated (but see [BLPRZoo] for an illustration of what the BJ^{x) look like when fc is a finite field). 

In the following, all tensors are over Fp unless otherwise explicitly marked. Our first result is: 

Theorem 13.11 Let n > 1. Then TiLH^"^(Z,Fp) = B^^{x) 0 where \x\ = 2p and \y\ = 2p — 2. 

The calculation of TiLH[.”^(Z,Fp) along with a calculation of the Bockstein spectral sequence on it (which 
we do not do in this paper) would give us riLiJ^”^(Z). If one wanted to do a similar calculation for more 
general number rings A, observe first that for any n and any commutative ring A, THH^q^ (A) = A, since in 
the definition of THH^'^\A), both c?o and di have to mnltiply all copies of HA indexed on all the 1-simplices 
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into the copy that sits over the basepoint, and so by the commutativity of HA, do and di induce the same 
maps on homology. 

The Bokstedt spectral sequence for higher topological Hochschild homology (Proposition 7.2 in |BLPRZoo] l 
with rational coefficients is a spectral sequence with 

El, = H,{THH^^\Ay,Q). 

Since H, {HA-,Q) consists just of R (g) Q in dimension zero and since for a number ring A, A (g Q is etale over 
Q, by Theorem 9.1(a) of [BLPRZoo] . for * > 0, THhI'\A) consists entirely of torsion. 

However, since H is a number ring, and hence a Dedekind domain, any hnitely generated torsion module 
over it is a finite direct sum of modules AjP^' , with Pi nonzero prime ideals and ki > 1. For each such prime 
ideal Pi, there is a unique prime p G Z for which pA C Pj, and if we consider THH^'^^A)^, its homotopy 
groups in positive dimensions will be all the modules AjP^' where pA C Pi, and none of the others. The 
methods of Addendum 6.2 in |HM97| . which show that for any number ring A, THH(A)l ~ THH{Ay)y, 
also show that for general n > 1, 

So in order to understand the Pi torsion in THH^'^\A), we could see it instead in 

Tijff[”i(Ap) ^ ApD- n 

Pi prime, pAQPi Pi prime, pAGPi 

Then, like calculating THHl'^(Z,¥p) was an intermediate goal in the calculation of THHI^{Z), calculating 
THHll{Ap^, (ApJ/Pi) is an intermediate goal in the calculation of THHly^ApJ. 

We calculate the groups THHl^Ap., (ApJ/Pi) below, obtaining 

Theorem 14.31 Let A be the ring of integers in a number field, and let P be a nonzero prime ideal in A. 
Denote the residue field A/P by Fg. Then 

THHl\Ay,A/P) - Blixp) B^l^yp) 

where 

(i) |a:p| = 2 and \yp\ = 0 if A is ramified over Z at P, and 

(ii) |a:p| = 2p and \yp\ = 2p — 2, ii A is unramified over Z at P. 

This gives the homotopy groups of 

THH^^\A,A/Py ^ TPP["1(A^J ApiA-j H{A/Py. 

As in the n = 1 case, multiplying HZ into the copy of H{Ap) over the basepoint shows that THH^^^Ap) 
is a retract of HZ A THH^^^Ap ), and so additively, it is a product of Eilenberg-Mac Lane spectra. Any 
shifted copy H{A/P°''), Oi > 1, that we have in THH^^\Ap.) will yield two correspondingly shifted copies 
of H{A/Pi) (one with the same shift, one with that shift plus one) in THH^^^A/, ) ^ H{A/Pi). Again 

one can then read off the rank of the Pptorsion from THH^'^\A/y,,A/Pi), and to understand what the 
torsion actually is, one would need to look at Bockstein-type operators associated with multiplication by a 
uniformizer of Ap.. We plan to do the necessary Bockstein spectral sequence calculations in a future project. 
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Grant No. 0932078000 while the authors were in residence at the Mathematical Sciences Research Institute 
in Berkeley California, during the Spring 2014 program on Algebraic Topology. 

We are grateful to Mike Mandell for providing the crucial hint that there is just one homotopy type of 
augmented commutative iLFp-algebras with homotopy groups Ap^ (x). 


2 








2 Identifying square zero extensions 

Let fc be a commutative ring, and let Hkhe the associated Eilenberg-Mac Lane commutative ring spectrum. 
We will show that there is exactly one homotopy type of augmented commutative iJfc-algebras C with 
homotopy tt^C = Ak{x) where x is a generator in a given positive degree. That is, there is a chain of stable 
equivalences of augmented commutative iJfc-algebras C ~ iJfc V YT^Hk where the iLfc-module Y'^Hk is the 
m-fold suspension oi Hk and HkV Y'^Hk is the square-zero extension oi Hk by Y'^Hk. 

We learned of such a fact when fc = Fp from Michael Mandell who proves it by means of topological 
Andre-Quillen homology and uses it in a program joint with Maria Basterra. 

Proposition 2.1 Let C be a commutative augmented iLfc-algebra and assume that there is an isomorphism 
of graded commutative fc-algebras tt^C = Afc(x) where |x| = m > 0. Then there is a chain of stable 
equivalences of commutative augmented iJfc-algebras between C and Hk V Y'^Hk. 

Proof: For concreteness, we formulate the proof in symmetric spectra. Let S be the sphere spectrum, 
and Ps and Puk the free commutative algebra functors (adjoint to the forgetful functor with values in S or 
iLfc-modules). We may assume that C is fibrant in the positive iLfc-model structure of Shipley |S04| . Let 
M be a positively iLfc-cofibrant resolution of E^iJfc; for concreteness M = Hk/\Fi{E)^'^^), where Fi is the 
adjoint to the evaluation on the first level. Represent x by an iLfc-module morphism M ^ C. Now, 

PHk{M) = V ^ Hk^Ps{F^{^^+^)) 

n>0 


is the free commutative iJfc-algebra on M and we consider the induced map /; PnkiM) —>• C. Since 

is imn — l)-connected and m > 0, / is 2m > {m + l)-connected. 

Taking the mth Postnikov section Pm of PHk{M) in the setting of commutative iLfc-algebra spectra (as 
done in the |EKMM!L7] setting in |Ba991 §8]) gives a map of commutative iJfc-algebra spectra Pm C, which 
is an isomorphism on the non-zero homotopy groups in degree 0 and m. As both spectra are semistable, 
this map is a stable equivalence of symmetric spectra. Hence, C and Pm are of the same stable homotopy 
type, and repeating the argument with a fibrant model for HkV Y'^Hk we get the promised chain of stable 
equivalences connecting C and Hk V Y'^Hk. ■ 

3 The calculation of (Z, F^) 

Our goal in this section is to prove 

Theorem 3.1 Let n > 1 and p be any prime. Then TiLH[.”^(Z, Fp) = B^^{x) ^ i?p“''^(?/) where \x\ = 2p and 
\y\=2p-2. 

To this end we use the iterative description of THH’^^^: the n-sphere S" can be decomposed into two 
hemispheres whose intersection is the equator, S" = D" U§n-i D". This decomposition yields |Voo| that 

riJijW(z,Fp) iJFp H¥p (3.1.0) 

where denotes the derived smash product. 

Note that for any commutative ring spectrum R, THH(R) is a commutative i?-algebra spectrum |EKMM^ 
IX.2.2], in particular, THH{h) is a commutative iJZ-algebra spectrum. As THHifL^ Fp) = THH {If) AjjziLFp, 
we have a commutative iJFp-algebra structure on THH{lj,¥p) and the multiplication on iLZ and the iJZ- 
module structure of H¥p give rise to a canonical augmentation from THH{Z, Fp) to H¥p. Thus THH{'L, Fp) 
is a commutative augmented iLFp-algebra spectrum. 
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Bokstedt |Booo) calculated THH^{1j) and his result gives the n = 1 case of the theorem, 


riJiJ*(Z,Fp) ^ Fp[a;2p] ® A(z2p-i) 

since Bf^{y 2 p- 2 ) is isomorphic to A(z 2 p-i)- We use the {2p — l)st Postnikov section of commutative aug¬ 
mented iJFp-algebras to map THH^:{Z,¥p) to something which by Proposition 12.II has to be weakly equiva¬ 
lent to H¥p V S^P“^iJFp. Then we consider the homotopy pushout diagram in the category of commutative 
augmented idFp-algebras 


THH{Z,¥p) -)■ H¥p V S^P-iiyFp 

/ 

H¥p - {H¥p V j:'^P~^H¥p) 

A bar spectral sequence argument tells us that the homotopy groups of (7dFpVE^^’“^7dFp) f ) 

isomorphic to A(y 2 p+i) and using Proposition 12. 1 1 again we see that the homotopy pushout is a commutative 
augmented ifFp-algebra which is weakly equivalent to H¥p V E^^+^idFp. 

Lemma 3.2 Let /: H¥p V Y?P-^H¥p (iJFp V Z‘^P-^H¥p) - H¥p V Z‘^P+^H¥p be the 

map in the homotopy category of augmented commutative idFp-algebras induced by the pushout above. 
Then / factors through the augmentation e: H¥p V S^^’“^iJFp —>• H¥p. 

Proof: Consider the diagram 


H¥p V E^P-iidFp H¥p V Z^P-^H¥p 

e / 

H¥p -^ H¥p V E^P+iidFp, 

which we obtain from the leftmost square of the previous diagram because the augmentation THH(Z,¥p) 
H¥p has to factor through the Postnikov map to H¥p V T,'^p~^H¥ p. This diagram commutes, so the maps 
to the bottom right factor through the pushout H¥p /\H¥pVS^p~'^H¥p {H¥p V E^^’“^idFp) ~ H¥p of the top 
left corner, so / factors through e. ■ 

Hence, THH'^^^Z,¥p) can be described by the following iterated homotopy pushout diagram. 


THH{Z,¥p) -^ H¥p V Z^P-^H¥p 


^H¥p 



H¥p -^ H¥p V S^P+ipfFp-^ (Z, Fp) 

Here, P denotes the homotopy pushout of the upper right subdiagram in the category of 
idFp-algebras, and as above we get 


commutative 


P _ H¥p /\Hf^ys2p~iH¥p H¥p. 

We have again a Tor-spectral sequence converging to the homotopy groups of the spectrum P with 

= Tor^^i^=-i)(Fp,Fp) 
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and hence 7r*(r) is isomorphic to a divided power algebra over Fp on a generator in degree 2p, r(a 2 p). In 
the iterated homotopy pushout diagram all maps involved are maps of commutative iS-algebras and thus we 
can identify (Z, Fp) as a commutative iJFp-algebra as 

Tffi7[2l(Z,Fp) ~ (iJFp V E^P+ii/Fp) H¥p {H¥p V E^P+i^p) T ^ T V E^P+ip. 

Thus, Fp) is equivalent to the bar construction Bur^, (-ffFp, H¥p V E^^’“^iJFp, H¥p V E^^’+^iJFp). 

Its homotopy groups are 

THH^^\'L,¥p) ^ r(a2p) ® A(j/2p+i). 

We use this to determine higher THH via iterated bar constructions. We know that {HX, H¥p) is 

equivalent to the derived smash product 

H¥p H¥p 

whose homotopy groups are the ones of the bar construction {H¥p, {HZ, i?Fp), iJFp) and itera¬ 
tively, we can express {HZ, H¥p) again in terms of such a bar construction as long as n is greater than 

two. For n = 2 we know the answer by the above argument. For larger n we can determine the homotopy 
groups of {HZ, H¥p) iteratively. Abbreviating H¥p V E^P-^ilFp to E{z) and H¥p V Z^P+^H¥p to 

E{y) we define 

:= BHr,{H¥p,..., B{H¥p, B{H¥p, E{z), E{y)),H¥p ),..., H¥p) 

with n — 1 pairs of outer terms of H¥p. We denote by E{y) the constant simplicial ifFp-algebra spectrum 
on E{y). 

Lemma 3.3 As n-simplicial commutative ifFp-algebras 

~ B^^l^{H¥p,E{z),H¥p) Ahw, B^;^-^^\H¥p,E{y),H¥p) 

for all n > 2. 

Proof: We show the claim directly for n = 2: B^'^'> is 

BnWp {H¥p, BhWp {H¥p, E{z),E{y)), H¥p). 

As we know from Lemma 13.21 that the iil( 2 ;)-module structure of E{y) factors via the augmentation map 
through the i?Fp-module structure of E{y), we get that Bhf {H¥p, E{z), E{y)) can be split as an augmented 
simplicial commutative FIFp-algebra as Bh¥p {H¥p, E{z), H¥p)AHrpE{y) and thus we get a weak equivalence 
of bisimplicial commutative FIFp-algebra spectra: 

Bh¥p {H¥p, Bh¥p {H¥p, E{z), E{y)),H¥p) 

—Bh¥p {H¥p, Bh¥p {H¥p, E{z), H¥p) Ah¥p E{y) , H¥p) 

—Bh¥p {H¥p, Bh¥p {H¥p, E{z), H¥p), H¥p) A Bh¥p {H¥p, E{y) , H¥p) 

=B%l^{H¥p, E{z),H¥p) A BH¥p{H¥p,:^, H¥p). 

For the second weak equivalence we use that the bar construction Be{R, X Ar Y, R) of the smash product of 
two commutative simplicial i?-algebra spectra X and Y is equivalent as a bisimplicial commutative i?-algebra 
to Br{R, X, R) Ar B{R, Y, R). 

By induction we assume that n is bigger than 2 and that we know the result for all k < n. Then 
= B{H¥p,B'^’^-^'>,H¥p) 

cz B{H¥p, B^-^)(HFp, E{z), H¥p) B^-^^(HFp, F;(y), iJFp), H¥p) 

~ BH¥p{H¥p,B^;^-^^\H¥p,E{z),H¥p),H¥p) Ah¥p B{H¥p, {H¥p, E{y), H¥p), H¥p) 

= B^p^l {H¥p, E{z), H¥p) Ah¥p < 1 ^;’ {H¥p,^, H¥p). 
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We view THH^^\H'Z, H¥p) as a simplicial commutative iJFp-algebra for all n > 1 and therefore describe 
{H7j, H¥p) as the diagonal of the bar construction BH¥p{H¥p,THH^'^\H'Z, H¥p), H¥p). 


Corollary 3.4 We obtain, that 

THH^:^+^\HZ,H¥p) ^ 7T,diagB^^l{H¥p,Eiz),H¥p) ^,diag.B^"~^^(gFp, Eiy),H¥p). 

For sake of definiteness in the following we will work in the category of symmetric spectra in simplicial sets, 
Sp^ |HSS00| . The Eilenberg-Mac Lane spectrum gives rise to a functor 

H:sAb^ Sp^ 

such that HA{n) = diag(yl®Z(5'")) where = (5'^)^" and Z(—) denotes the free abelian group generated by 
all non-basepoint elements. This functor is lax symmetric monoidal |Sck) 1 2.7,3.11]. A square-zero extension 
H¥p V E"i7Fp (for n > 1) can be modelled by Fp(A„/9A„): 


Lemma 3.5 There is a stable equivalence of commutative symmetric ring spectra iJFp(A„/9A„) — 
H¥p V E"i7Fp. 

Proof: There are two non-degenerate simplices in A„/9A„: a zero-simplex * corresponding to the unique 
basepoint and an n-simplex corresponding to the identity map id[„] on the set [n] = {0,... ,n}. We can 
represent any simplex in A„/9A„ as o ... o or o ... o Si(,(id[„]). We define the map ip(rn)i from 

7LFp(A„/5A„)(m)^ = Fp(A„/5A„)^®Z(5f) to (iJFpVE"iJFp)(m)£ = Fp®Z(57‘)VA„/5A„AFp®Z(5f) 
on generators by setting 

o ... o Sio (*) (g) cc) = 1 (gi x G Fp 0 Z(S'™) 

o ... o Sio(id[„]) 0 a;) = [si, o ... o (id[„]), x] G A„/aA„ A Fp 0 Z(S'™) 

for X G S'™ and by extending it in a bilinear manner. This map is well-defined and multiplicative. Both 
spectra have finite stable homotopy groups and are therefore semistable. It thus suffices to show that ip is a, 
stable homotopy equivalence. The stable homotopy groups on both sides are exterior algebras on a generator 
in degree n and ip induces the map on stable homotopy groups that sends 1 to 1 and maps the generator in 
degree n to a degree n generator. ■ 

We have a weak equivalence 


Bhf,{H¥p,HA, HC) ^ H{B¥^{¥p,A,C)) 

for all simplicial Fp-algebras A and C. Let N denote the normalization functor from simplicial Fp-vector 
spaces to non-negatively graded chain complexes over Fp. This is a lax symmetric monoidal functor, so 
it sends simplicial commutative Fp-algebras to commutative differential graded Fp-algebras. Note that we 
obtain isomorphisms of differential graded Fp-algebras 


iV(Fp(A2p_i/aA2p_i)) ^ Af^(z), iV(Fp(A2p+i/aA2p+i)) ^ A^Jy) 


because for positive n, A„/9A„ has only a non-degenerate zero cell and a non-degenerate n-cell. Note that 
(Fp, Fp(A2p_i/9A2p_i),Fp) is an {n + l)-fold simplicial commutative Fp-algebra. We can calculate the 
homotopy groups of its diagonal as the homology of the total complex associated to the bicomplex 


Cr,s = iV.diag’^4”)(Fp, WFp(A2p_i/aA2p_i),Fp) - Wdiag"4”)(Fp,Fp(A2p_i/aA2p_i)„Fp). 


As the differential in s-direction is trivial the spectral sequence collapses at the A^-term with total homology 
isomorphic to the given by the homology of the differential graded n-fold bar construction. These homol¬ 
ogy groups were calculated in [BLPRZc^ and we obtain that 7r*diagi?^p^(iLFp, ^(z), iLFp) = B^^‘^{y). 

Similarly, Tr^diagS^jpT^^(iLFp,75(7/),iJFp) = B^^^{x). This proves Theorem 13.II 
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4 The number ring case 

The aim of this section is to prove Theorem 14.31 calculating the higher topological Hochschild homology of 
number rings with coefficients in the residue field. The calculation starts with the following observation. 

Lemma 4.1 Let i? be a characteristic zero complete discrete valuation ring with residue field of charac¬ 
teristic p > 0 and let P denote the ideal of all elements with positive valuation in B. Then 

V , , , I B /P, if B is ramified over Zr, at P, 

HHf’’(B,B P)^ i ' ' V ■. 

1^0, otherwise. 

Proof: By Proposition 12 in Chapter 3 of |S79| . B is generated over Zp by a single element, B = Zp[x]/(/(x)) 
for some monic polynomial /. By a well-known calculation which can be traced back to |T57| . for any ring 
R and monic polynomial /(x) over it, HH^{R[x]/{f{x))) = i?[x]/(/(x), /'(x)). By Corollary 2 of Chapter 3 
of |S79| . the ideal (/'(x)) in Zp[x]/(/(x)) is equal to the different ideal 'Ds/ipt so the result for B over Zp 
becomes 

HHf-{B) ^ B/Pb/z,. 

Since B is commutative, we also know that HHq’’{B) = B is free over B, hence Torf {P[p[^^{B)^ B/P) = 0 
for s > 0. If we tensor the Hochschild complex of B over B with B/P, then we get by the universal coefficient 
theorem, that 

HHf-{B,B/P) ^ HH^-{B) B/P ^ B/Ps/z, ®b B/P ^ B/(Bb/z^,P). 

If 'Db/j^p ^ this is just B/P, but if not, by the maximality of P in B, B/{Vb/Ip, P) = 0. Theorem I in 
Chapter 3 of |S79| says that an extension B of Zp is ramified at an ideal P of B if and only if P divides the 

different ideal Ps/Zp- ■ 

From this we establish the one-dimensional (ordinary topological Hochschild homology) case of Theo¬ 
rem 031 which is closely related to Theorem 4.4 in |LM00) . and in fact in the unramified case is exactly 
Theorem 4.4 (i) there (since in the unramified case P = pA for a rational prime p). The symbol Xi in the 
statement indicates a generator of degree i. 

Proposition 4.2 Let A be the ring of integers in a number field, and let P be a nonzero prime ideal in A. 
Denote the residue field A/P by F,. 

(i) If A is ramified over Z at P, PBBW(Hp,Fg) = Fg[x 2 ] Ap^jxi]. 

(ii) If A is unramified over Z at P, (Ap,Fq) = Fg[x 2 p] (8 )f, Af,j[x 2 p-i]. 

Proof: We set B = Ap, to get a ring that satisfies the conditions of Lemma 14.11 We now use P to denote 
the ideal in B obtained as PB for the ideal P of A. We use Morten Brun’s spectral sequence from Theorem 
3.3 in |LM00| for the map B ^ B/P. This gives a multiplicative spectral sequence 

Bp% = TBBp(B/P,Torf (B/P,B/P)) ^ THHr+s{B,B/P). 

Since P is a principal ideal in B, generated by any uniformizer tt, the resolution 

0- >B—^B - >B/P -1-0 

shows that Torf {B/P, B/P) = AFg(Ti) for a 1-dimensional generator ti, where B/P = {Ap)/P = A/P = Fg. 

Bokstedt showed in |Booo| that PBB*(Fp) = Fp[M 2 ], and since BB*(Fg) consists only of Fg in dimension 
zero, the spectral sequence of Theorem 2.2 in |Linn| 

Bp% = BBf-(Fg,TBB,(Fp;Fg)) ^ TBBp+,(Fg) 
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consists only of F, (g) Fp[zi 2 ] in the zeroth row, we get that 


THH,(¥g)^¥g[U2]. 


Thus Brun’s spectral sequence takes the form 


- ®'g[«2], £^*,1 = Ti ■ F,[u2]. 


From Lemma lO and the fact that Hochschild and topological Hochschild homology agree in degree 1, we 
know that we end up with nothing in total degree 1 if i? is unramified over Zp, and with a copy of Fg if B 
is ramified. So we get 


d'^{u2) 


0, if i? is ramified over Zp at P, 

(unit) • Ti, otherwise. 


In the ramified case we already know that (P vanishes on 1 and ti, since there is nothing these elements 
could hit. Therefore, we get that d? = 0. As <P is the last differential that could be nontrivial, ^ = 

Af, (Ti)(g)F,jFg[M 2 ], and since this is the multiplication with the fewest relations possible that could be defined 
on a graded-commutative algebra with this linear structure, extensions cannot give any other multiplicative 
structure and we get 

THH^B, B/P) ^ Af,(ti) 0f, Fg[M2]. 

In the unramified case, knowing what (P does on the generators shows us that = (unit) • ti • 

when p does not divide a, but P{u^) = 0 and nothing hits the elements ri • . Again P is the last 

differential that could be nonzero so ^ = AFg(Ti • u^~^) (giF, Fg)^^], and since this is again a 

multiplication with the fewest relations possible that could be defined on a graded-commutative algebra 
with this linear structure, extensions cannot give any other multiplicative structure and we get 


TBBpB.BjP) ^ Af,(ti • ®f, FgK]. 


Theorem 4.3 Let A be the ring of integers in a number field, and let P be a nonzero prime ideal in A. 
Denote the residue field AjP by Fg. 

Then 

TiLi/N(A^,Fg) - B^^ixp) ®F, £f+'(2/p) 

where 

(i) |a:p| = 2 and \yp\ = 0 if A is ramified over Z at P, and 

(ii) |a:p| = 2p and \yp\ = 2p — 2, ii A is unramified over Z at P. 

Proof: The n = 1 case is true by Proposition 14.21 with x = X 2 and y zero-dimensional (so that Pf, (y) — 
Af, ( 2 ^ 1 )) in the ramified case, and with x = X 2 p and y of dimension 2p—2 (so that Pf, (y) — Af,, (a; 2 p-i)) in 
the unramified case. 

The rest of the proof proceeds by exact analogy to the calculation of THHlf^{Z,¥p). ■ 

Note 4.4 The ramified case Theorem 14.31 (i) can actually be proven quite algebraically by noting that 
for an arbitrary flat ring A and A-bimodule M, the linearization map THH{A, M) —>■ H{HH^{A, M)) is 3- 
connected so that the first Postnikov sections of THH{A, M) and H{HH^{A, M)) agree. As a matter of fact, 
when A is a Z(p)-algebra, Bokstedt’s calculation of the topological Hochschild homology of the integers gives 
that Theorem 2.3 of |Li00| implies that this can be improved to saying that TPP(A, M) —> H{HH^[A, M)) 
is (2p—l)-connected. This means that the Postnikov section involved in the crucial step moving from TPIPI to 
to the algebraic TP[p[^^^ coincides with that of Hochschild homology. This was how we originally established 
the calculation in the ramified case. 




Note 4.5 The unramified case, Theorem ld-df iji. could have also been deduced from Theorem id.ll bv showing 
that THH^^\Ap, A/P) = THH^^\Zp,¥p) ® (where F, = AjP) as an augmented Fq-algebra, where the 
augmentation on the right-hand side comes from the augmentation of (Z, Fp) over Fp, tensored with 

the identity of Fg. This is true for n = 1 by Theorem 4.4 (i) of [LM00| . and then we proceed inductively, 
using the decomposition from (13.1.01) . This yields in this case a decomposition 

TiJij["+il(yiA,F^) ^ h¥, H¥,. 

and a multiplicative spectral sequence Tov™^* F^) (Ap, Fg), which can be rewritten 

by the inductive hypothesis as 


Tor 


THHl; 


p,Fp 


'(Fp®F, 


g,Fp®Fg) = Tor 


Tff/rl."l(Zp.Fp) 


(Fp,Fp)(8)Tor® 


(F^Fg: 


^ „ THHl 

— J.or5(t 5(t 


l(Z.Fp 


(Fp,Fp 


)®Fg 


where the first factor is the image of the £l^-term of the spectral sequence calculating (Z, Fp) and 

the second term is in Eq q and therefore can cause no nontrivial differentials or multiplicative extensions. 
This splitting is a splitting of algebras and the augmentation is that of the first factor tensored with the 
identity of the second. 
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